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We show that the number of operators in the presently known mesonic chiral Lagrangian of order
p
6 in the two–flavour sector can be reduced by at least one from 57 to 56 by providing an explicit
relation among the operators. We briefly discuss the relevance of this new relation.
PACS numbers: 11.30.Rd, 11.40.Ex, 12.39.Fe
Chiral perturbation theory (χpt) [1, 2, 3] is the ef-
fective field theory of the strong interaction, qcd, at
low energies. It relies on an effective Lagrangian that
parametrises the most general local solution of the chi-
ral Ward identities in a long–distance expansion. In the
mesonic sector, the Lagrangian up to O(p4) had been
constructed by Gasser and Leutwyler in [2, 3].
The advent of next–to–next–to–leading–order calcula-
tions in χpt called for the construction of the effective
chiral Lagrangian in the mesonic sector at O(p6). This
investigation was first performed by Fearing and Scherer
(fs) [4] and was later revisited by Bijnens, Colangelo and
Ecker (bce)[5]. We refer to bce for a detailed compar-
ison with fs. In short, the Lagrangian in [5] consists of
fewer chiral operators. Since it was shown there that one
may express all monomials of fs in the basis of bce, this
implied that the Lagrangian of fs can not be minimal.
To make the main point of this comment clearer later,
we repeat the procedures that guided [5] during the con-
struction. In a first step one writes down all possible
(products of) traces of products of chiral invariant oper-
ators with total chiral dimension six that are Lorentz–,
C– and P–invariant as well as hermitian. It is not neces-
sary to restrict the number of light flavours at this stage,
however. In a second step the following relations or pro-
cedures may be used to obtain a minimal set of indepen-
dent monomials at O(p6) for n flavours:
i. Partial integration in the chiral action of O(p6);
ii. Equation of motion;
iii. Bianchi identity.
These simplifications and the justification of their use
are described in detail in bce and we refer to this ar-
ticle for more details. If one restricts oneself then to a
particular case of n – of relevance are n = 2 and n = 3
– one notices that for each n there are additional lin-
ear relations among the invariants of O(p6) due to the
Cayley–Hamilton theorem. E.g., for n = 2 it implies
{A,B} = A 〈B〉+B〈A〉 + 〈AB〉 − 〈A〉〈B〉 (1)
for arbitrary two–dimensional matrices A,B; with 〈·〉 we
denote the trace of the enclosed matrix. Despite the care-
ful analysis in bce (who took Cayley–Hamilton relations
into account), we realised that there exists at least one
additional relation for n = 2 among their basis elements
Pi. Adopting the notation from bce, we find via the pro-
cedures i.–iii. as well as the Cayley–Hamilton theorem
8P1 − 2P2 + 6P3 − 12P13 + 8P14 − 3P15 − 2P16
−20P24 + 8P25 + 12P26 − 12P27 − 28P28 + 8P36 − 8P37
−8P39 + 2P40 + 8P41 − 8P42 − 6P43 + 4P48 = 0 .
(2)
Several comments are in order:
- Obviously, Eq. (2) allows to drop one of the SU(2)
basis elements of bce. A natural choice would be
P27 whose low–energy constant, to our knowledge,
has not occurred in any of the matrix elements cal-
culated so far in the literature.
- We emphasise that the derivation of Eq. (2) re-
quired no additional algebraic manipulations that
were not already used by bce. As the example
shows, it is a nontrivial matter to ensure minimal-
ity of a given Lagrangian in χpt at higher orders.
- One would like to know if the Lagrangian at order
p6 with two flavours is by nowminimal. The answer
requires a thorough investigation and we postpone
it to a later publication.
- Since in bce the Lagrangians for n = 2 and n = 3
were constructed in close relation, one might also
question the minimality of the latter one. How-
ever, we did not find any indication of additional
relations among the basis elements there.
- The authors of bce provided also the complete
renormalization of χpt at order p6 [6]. It is
straightforward to implement the additional linear
relation into the renormalization prescription given
there.
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